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FOREWORD

This report resulted from a joint project assigned to the authors
for a course on digital signal processing offered at the George
Washington University, Washington, DC. The authors thank Professor N.
yriakopoulos for his guidance during the project.
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1. INTRODUCTION

The purpose of this project is to develop a computer program that

will design and implement a recursive digital filter to meet user speci-
fications given as inputs to the program. The filter type is selected
from three well-known analog filter approximations: (1) Butterworth,
maximally flat; (2) Chebyshev, equiripple in the passband; and (3)

elliptic (or Cauer), equiripple in both the passband and the stop

band. For a low-pass filter, for example, the user specifies the filter
type, the filter order, the cutoff frequency, and the sampling rate.
High-pass, band-pass, and band-stop filters also may be chosen for

design.

The program calculates the poles and the zeros of the low-pass
filter in the analog s domain. The bilinear transformation technique is
then used to determine the coefficients of the transfer function in the
z domain. If a high-pass, band-pass, or band-stop filter is required,
then the coefficients are determined by a transformation in the 7 domain
of the prototype low-pass digital filter whose coefficients have been
determined from an analog low-pass filter using the bilinear transforma-
tion.

After determining the coefficients of the digital filter transfer
function, a plot of the magnitude and the phase may be obtained if
desired by the user. A list of the coefficients also is printed.
Another option is to implement the ""'ter as a system of linear differ-
ence equations and to process input data consisting of sample values at
any given sample rate through the filter. The filtered output data
points are then printed as output.

In summary, the program performs the following:

a. Calculates and prints the coefficients of the desired digital
filter.

b. Plots the magnitude and phase responses.

c. Implements the digital filter and processes data through the
filter.

d. Outputs the filtered data.

2. APPROACH

There are two general types of digital filters, recursive and non-
recursive. The output response of a nonrecursive filter is a function
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of only the present and past values of the input excitation. A recur-

sive filter is one in which the present output response is a function of
the present and past values of the input, as well as past values of the
output.

As in analog filters, the approximation step in the design of digi-
tal filters is the process whereby a realizable transfer function satis-

fying prescribed specifications is obtained. To be realizable as a
recursive filter, a transfer function must satisfy the following con-
straints.

a. It must be a rational function of z with real coefficients.

b. Its poles must lie within the unit circle of the z plane.

c. The degree of the numerator polynomial must be equal to or less

than that of the denominator polynomial.

Recursive filter approximations can be obtained from analog filter
approximations by using the following methods, all of which satisfy the
above constraints:

Invariant-impulse-response method
Matched z transformation
Bilinear transformation

Each method has certain advantages and disadvantages.

2.1 Invariant-Impulse-Response Method

Given an analog filter transfer function, HA(S), the invariant-
impulse-response method is implemented as follows:

a. Obtain the impulse response of analog filter HA(t).

b. Replace t by nT in HA(t).

c. Form the z transform of HA(nT). This gives HD(z), the
digital filter transfer function. T is the sample period = 1/fs .

This method gives good results if HA(jw) 0 for w ) w s/2.
However, aliasing errors tend to restrict this method to the design of
all pole filters.

2.2 Matched z Transformation

Given continuous-time transfer function



H M

H0 fl (s - Si)

H A(S) = N1

a corresponding digital transfer function can be formed as

H0  j (z -eT)
HD (z) = (z + 1)L  N=I

D ~i 1 (z - ei)

where L is an integer equal to the number of zeros at s =  in H A(s).
This method gives reasonable result,- [or high-pass and band-stop fil-
ters, although it tends to distort the pc sLhind ripple in Chebyshev and
elliptic filters. For low-pass and band-pass filters, better approxima-
tions can be obtained by using the modified invariant-impulse-response
method. 1

2.3 Bilinear Transformation

The bilinear transformation method yields a digital filter with
approximately the same time-domain response as the original analog
filter for any excitation.

H D(z) = H A(S)
A 2 z - 1

Tz + 1

The bilinear transformation maps these:

a. The open right-half s plane onto the region exterior to the

unit circle Izi = 1 of the z plane

b. The j axis of the s plane onto the unit circle Izi = 1

c. The open left-half s plane onto the interior of the unit
circle

From property c it follows that a stable analog filter yields a
stable digital filter and, since the transformation has real coeffi-
cients, HD(z) has real coefficients.

IA. Antoniou, Digital Filters: Analysis and Design, McGraw-Hill Book

Co., Inc., New York (1979).
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Digital filters obtained by the bilinear transformation do not

suffer from the effects of aliasing. However, a nonlinear frequency

distortion is introduced because the transformation maps the entire jt.

axis onto the unit circle (fig. 1).

Sz PKANE

UNIT IRCLEz = 9IwDT

T = 1/fs = SAMPLING PERIOD

( = 0 = DIGITAL FREQUENCY VARIABLE
2.4TT

THE ANALOG FREQUENCY VARIABLE, WA, IS RELATED TO THE DIGITAL FREQUENCY VARIABLE, wo , THROUGH THE

BILINEAR TRANSFORMATION:

WDT

I-

~W A

z_ I

WCe, = PASSBAND UPPER LIMIT -

=o. : STOP BAND LOWER LIMIT

I - - - - -

WA ,  A- WA

Figure 1. Bilinear transformation.
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If only the amplitude response is of concern, the warping
effect can for all practical purposes be eliminated by prewarping the
analog filter. For example, if a low-pass cutoff frequency of oDC is
desired for the digital filter, then the analog filter is first designed
for an unnormalized cutoff frequency given by

2 tan (-T
AC T 2

The phase response of the derived digital filter is nonlinear
because of the warping effect. Furthermore, little can be done to
linearize it except by employing delay equalization. Consequently, if
it is mandatory to preserve a linear phase response, alternative methods
should be considered.

The bilinear transformation is the most important of the tech-
niques used to obtain digital recursive filters from analog filters.
The passband and loss characteristics of the analog filter are pre-
served, and there is no aliasing effect. Frequency distortion is com-
pensated at w., and the transfer function can be obtained by a

relatively easy transformation. For these reasons, the bilinear trans-
formation was chosen as the method of obtaining the digital filter
transfer function for this project.

2.4 Analog Filter Designs

The theory of analog filter approximations has been extensively
developed. 1 -4

2. 4. 1 Butterworth

The Butterworth approximation is the simplest all-pole type.
In the stop band, the attenuation characteristics monotonically decrease
as a function of frequency. The Butterworth filter is termed also a
maximally flat magnitude approximation in that the error in the passband
is also a monotonically decreasing function. The equations for calcula-
ting the pole locations are given in appendix A.

IA. Antoniou, Digital Filters: Analysis and Design, McGraw-Hill Book
Co., Inc., New York (1979).

2M. S. Ghausi, Principles and Design of Linear Active Circuits,

McGraw-Hill Book Co., Inc., New York (1965), ch. 4.
3H. Y.-F. Lam, Analog and Digital Filters, Prentice-Hall, Tnc., Enqle-

wood Cliffs, NJ (1979).
4D. E. Johnson, Introduction to Filter Theory, Prentice-Hall, Inc.,

Englewood Cliffs, NJ (1976).
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2.4.2 Chebyshev

A second approximation that improves on the rate of change of
the attenuation between passband and stop band over that of the Butter-
worth filter is the Chebyshev filter. The error in the passband is
distributed evenly in an oscillating manner. This is called an equi-
ripple approximation. In the stop band, the magnitude decreases mono-
tonically with a faster cutoff rate than that of a Butterworth filter of I

the same order. The Chebyshev filter is an all-pole type and is based
on the nth-order Chebyshev polynomials, Cn(w).

cos (n cos - W) , 0 I W 4 1
Cn(w)=

C cosh (n cosh-  
.) , w > 1

The recursion formula for finding the nth-order polynomial is

C 0 (u) = 1

C 1() =0

Cn (w) = 2C n-1 ( ) - C n-2C()

The equations for calculating the pole locations are given in appen-
dix A.

2.4.3 Elliptic

The third type of filter approximation considered in this
report is called the elliptic approximation and was first introduced by
Wilhelm Cauer. This approximation is based on the Jhcobi elliptic sine
functions. In this approximation, the error in the passband is again
distributed evenly in an oscillating manner. However, instead of a
monotonically decreasing characteristic in the stop band, the stop-band
attenuation oscillates between infinity and a prescribed maximum. Thus,
there is an equiripple characteristic in both passband and stop band.
The elliptic approximation is more efficient than the Butterworth and
Chebyshev approximations in that the transition between passband and
stop band is steeper for a given filter order. An elliptic filter
transfer function has both poles and zeros and has been shown to be
optimal in the sense of having the sharpest transition of any approxi-
mation. The technique used to calculate the coefficients for the ellip-
tic filter is given in appendix A and was taken from the development by
Antoniou. 1

IA. Antoniou, Digital Filters: Analysis and Design, McGraw-Hill Book
Co., Inc., New York (1979).
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2.5 Digital Filter Realization

There are two possible canonical forms of linear difference
equations that can be realized from the z domain transfer function,
H(z). One, the cascade form, follows from the factored form of H(z).
The other, the parallel form, requires the expansion of H(z) into
partial fractions. The parallel form was chosen for this project
because of its reduced sensitivity to noise.

Realization of a recursive digital filter in parallel form is
shown in figure 2.

H,

INPUT -- H. (z-+) OUTPUT F

- Hr (r')

Hr
- Afk + Alk Z"H (r')=Y

k= 1 1 + Blk r' + 112k

Figure 2. Recursive digital filter in parallel form.

2.6 Band Transformations

For this project, high-pass, band-pass, and band-stop filters
are obtained from the digital low-pass prototype by a transformation in
the z domain. Another approach is to design the analog low-pass proto-
type, perform the transformation in the s domain to high pass, band
pass, or band stop, and then transform the resulting transfer function
to the z domain by the bilinear transformation.

The work of Constantinides5 was used to develop the z domain
transformations. The equations are given in appendix A.

5A. G. Constantinides, Spectral Transformations for Digital Filters,
Proc. IEE, 117 (August 1970), 1585-1590.
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3. FORTRAN IV PROGRAM

3.1 Outline

A FORTRAN IV computer program was written using the equations
and the techniques discussed in section 2. The program was designed in
a modular form to allow for easy modification as required. The flow
chart of the program is given in figure 3. The main part of the program
is simply a controller that calls in subroutines as required. The
blocks in a column in the center of the flow chart are all in the main
program, and the blocks to the right or the left of center are separate
subroutines. For instance, if a different form of input data is re-
quired or a different output format is desired, then only the subroutine
dealing specifically with that function need be modified. If a differ-
ent analog design type or technique is to be used, it can be either
substituted for one of the existing three design types or added on by
extending a "computed go to" statement in the main program.

All data are stored in labeled and unlabeled common areas of a
subroutine simply by including the proper common statement.

This program was developed by using an IBM System/370 com-
puter. The H Extended Plus FORTRAN compiler was used with the auto-
double option specified. This option doubles the overall precision
specified in the program. Maximum possible precision is used for all
the design calculations as well as in the implementation itself. This
precision is 16 bytes for real variables and 32 bytes for complex varia-
bles. The complete program listing is given in appendix B.

The flow of the program is straightforward because it begins at
the top and progresses without any diversions to the bottom of the
chart. The basic steps of the program and the general function of each
subroutine are as follows.

3.1.1 RDATA

After the program is initiated, it immediately calls the
RDATA subroutine. This subroutine reads in the necessary filter design
criteria and the data samples to be processed. Only batch processing of
data is possible with the existing program, but the conversion to real
time processing would not be difficult. The input data array is dimen-
sioned for up to 1000 amplitude points at the specified sampling fre-
quency. If only a filter design is required, then the number of data
points (NTIMES) is set equal to zero, and RDATA bypasses the input of
data to be processed. Setting NTIMES equal to zero bypasses also the
implementation subroutine. RDATA also prints out the design criteria
data for future reference.

The specific format required for data input is given in
section 3.2.

14



START

CALL ROATA

WARP (A-1)

---- I I %-f UTTER (A-2FI

CAUER(A41) 1-0-4 CALL FILTER (I TYPE)

F -
FACTOR (A-5)52::t[ CALL FACTOR

F CALL FIRLOT do

NO
TRANISFORMATIO

T 
F RIYES

I CALL TSRAONS ANS)
CALL TRANS (ITRANS)

b-1 HIGHP (A-7)

2
BANDP (A-8)

3
BANDS (A-9)

FPLOT CALL FPLOT
CALL FPLOT

YES NTIMES = 0 ?

NO

CALL FILIMP .4

CALL PDATA -4

L-0-1- END

N=: NUMBERS IN PARENTHESES CORRESPOND TO SECTIONS IN APPENDIX A.

Figure 3. Recursive digital filter program.
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3.1.2 WARP

The RDATA subroutine returns control to the main program,
which calculates the prewarped analog design frequency (WARP) and then
calls the appropriate analog design subroutine. The analog filter
subroutines calculate the poles and the zeros (if any) of the squared
magnitude transfer function that in the left half of the complex s
plane. The resulting transfer funct1irn af:- r the right-half plane poles

and zeros are eliminated is of the f, im

(AMP)(s - z!)( ) - )

H(s) =

(s - pl)(s - P2) . (s - r1l)

where zi and Pi are complex conjugates of zI and pi (for all i). The
equations needed to calculate these poles and zeros are given in appen-
dix A and are derived as discussed in section 2.

3.1.3 FACTOR

The FACTOR subroutine is then called. FACTOR expands the
transfer function into partial fractions. If the numbers -f poles and
zeros are equal, then this expansion has a constant gain equal to the
amplitude multiplier (AMP) of the transfer function. FACTOR then com-
bines the complex conjugate pairs and applies the bilinear transfor-
mation,

2 1 -s T I +z -  '

to obtain the coefficients for the parallel second-order sections of the
digital filter. The general form of the resulting z domain transfer
function is

6

H(z-) = + Z) r Ai + Aliz- z
X- 1 + Bliz- 1 + B2

where r = n/2 for n even, r = (n + 1)/2 for n odd, and n is the order of
the filter. The coefficients A i, A1i, B1i, and B2i are calculated by
FACTOR using the analog poles an zeros. If the order of the filter is
odd, then there is one real pole, so the A1 and B2 coefficients are
equal to zero for that pole.

6 G. C. Temes and S. K. Mitra, Modern Filter Theory and Design, John
Wiley & Sons, Inc., New York (1973).
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3.1.4 FPLOT

A plot of the frequency response (magnitude and phase) of
the low-pass digital filter is then made by the t'PLOT subroutinp. It is
plotted by letting

z -  -wT cos wT - j sin (,T

in the z domain transfer function given above.

The plots given in this report were made on a Houston
Instruiments plotter using existing plotting software. /  Both the
amplitude and phase responses are plotted over the normalized range of
frequencies of zero to one. That is, the frequency scale is normalized
to the sampling frequency. FPLOT alsn prints the values of the digital
filter coefficients to 25 decimal places for 'nture use.

3.1.5 Filter Choice

The main program then de~termines if a high-pass, band-pass,
or band-stop filter is desired or if the low-pass filter is ready to be

implemented.

The transfer function for th, required high-pass, band-pass,
or band-stop filter is obtained by .-ppropriate transfonation in the
z donain of the low-pass digital filter. Band-pass and band-stop trans-
formations result in a doubling of the filter order.

After t' ir,sfornation, the rrequency characteristics of the
new filter are plotted by FPLOT.

3.1.f, FILIMP

The actual implementation of the diqgtal filter is simple.
The FILIMP subroutine performs this function and processes the data to
be filtered. Application of the inverse z transform to the general form
for the z domain transfer function results in the recursive difference
equation

Yout(kT) = X(kT) + X[(k - 1)T,

7Thomas V. Noon and Egon Marx, User's Manual for the Modular Analysis-
Package Libraries ANAPAC and TRANL, Harry Diamond Laboratories HDL-TR-
1782-S (September 1978).
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where
r

X(kT) = ) Xi (kT)
i=1

Xi (kT) = A0iYin(kT) + AiiYin[(k - 1)T]
- B iX.((k - 1)T] - B2 iXi[(k - 2)T]

1i 2i

3.1.7 PDATA

The PDATA subroutine provides plots of the input and output
data. This routine may be easily modified to provide the output data in
any desired format.

3.2 Program Use

There are at most nine parameters that must be supplied to the
program for the design of a filter. The minimum number needed is five
for the design of a Butterworth low-pass filter. This minimum set,
which is used in all designs, consists of these parameters:

a. rTYPE, the type of analog design

1 = Butterworth

2 = Chebyshev

3 = Elliptic (Cauer)

b. N, the order of the filter

C. ITRANS, corresponding to the band transformation desired

0 = None

1 = High-pass transformation

2 = Band-pass transformation

3 = Band-stop transformation

d. FC, the cutoff frequency desired (in hertz)

e. FS, the sampling frequency of the data (in hertz) to
which the filter will be normalized

18



If a low-pass Chebyshev is required, then an additional param-
eter, EPSi, the minimum allowed amplitude in the passband, also must be
entered. Similarly, for elliptic filters, EPS1 must be given along with
EPS2, the transition region selectivity factor. The maximum value for
EPS2 is 0.95. All of these parameters are read from the same data
card. These are the formats for all the data cards and the order in
which the cards are read by the program:

ITYPE,N, ITRANS,FC,FS,EPS1 ,EPS2
Format--315, 4E10.3

If ITRANS = 0, skip reading F1 and F2.

F1,F2
Format--2E 10.3

NTIMES

Format-- I5

If ITIMES = 0, skip reading VIN.

VIN
Format--8E10.3--maximum of 125 cards

Heading for low-pass design

If ITRANS = 0, skip next heading.

Heading for band transformation

If NTIMES = 0, skip next two headings.

Heading for VIN plot

Heading for VOUT plot

If a band transformation is specified, then an additional data
card is needed that has the lower cutoff frequency, F1 (also the high-
pass cutoff frequency), and the upper cutoff frequency, F2, for the
band-pass and band-stop filters.

Next, the number of data sample points is read. If NTIMES is set
equal to zero, then no input data are read, and the program is termi-
nated after completion of the filter design.

Separate titles are read in for the low-pass filter transfer
function plots, any band transformation frequency plots, and the heading
to appear on the data plots. These titles can be up to 80 characters of
any form desired.

19



A sample filter design is given now to illustrate the order and
the manner in which the data are assembled. A fourth-order elliptic
band-pass filter is chosen since this design requires input of all the
design parameters. We have this:

ITYPE 3

N =4

ITRANS = 2

NoW let us assume that the sampling frequency is 10,000 Hz and that.the
passband is to be from 1000 to 3000 Hz. In addition, we allow the
passband amplitude to vary between 1.0 and 0.9 and minimize the transi-
tion between the passband and the stop band. This action means that the
cutoff frequency for the low-pass design must be 2000 Hz, which is the
width of the passband. Therefore, the remaining parameters are these:

FC = 2000.0

FS = 10000.0

EPS1= 0.9

EPS2 = 0.95

F1 = 1000.0

F2 = 3000.0

These data are given in figure 4 as they appear on the input data
cards. The plot title cards also are shown in the figure. If only a
low-pass design is requested, then the second title card is omitted.
Similarly, if no data points are given, then the third title card as
well as the input data cards are omitted.

The resulting printout for this example problem is given in
figure 5. The low-pass transfer function is given in figures 6 and 7,
and the band-pass function is given in figures 8 and 9. Running this
example required 6.85 s in the central processing unit (CPU) to compile

the FORTRAN coding, 2.44 s in the CPU to link and edit the object mod-
ules with library functions, and about 2 s in the CPU to perform the
actual calculations. The filtering of 101 data points required less
than 2 s of CPU time. Additional examples of filter designs are given

in section 4.
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4. DESIGN EXAMPLES

Several examples are given in this section to illustrate the differ-

ences in the various analog designs and also to show the results of band

transformations. In addition, a simple waveform consisting of three

sinusoids at different frequencies is used to demonstrate the filtering

action of the various digital filters.

4.1 Analog Design

The three types of analog designs are discussed in section 2.
A graphical presentation of the basic differences in these three designs
is given here. A fourth-order elliptic low-pass design is given in
section 3.2. Similar fourth-order digital filters using the Butterworth
and Chebyshev analog designs are presented in figures 10 to 13. Compar-
ing these transfer functions, we can easily see that the Butterworth
filter offers the smoothest response in both the passband and the stop
band. The sharper transition from passband to stop band of the
Chebyshev design over the Butterworth is obtained at the expense of
smoothness in the passband. The elliptic design obviously has the
sharpest transition of the three designs. However, the ripple in both
the passband and the stop band is the penalty for this sharp transi-
tion. The design to use is chosen according to the requirements of the
specific filtering problem being considered.

4.2 Band Transformations

An example of a band-pass transformation is given in figures 8
and 9. The low-pass Butterworth filter of figures 10 and 11 was trans-
formed to a high-pass filter with a cutoff of 3000 Hz as shown in fig-
ures 14 and 15. The band-stop dual of the passband filter was made by
using the Chebyshev design and is shown in figures 16 and 17.
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4.3 Data Processing

A simple waveform was generated to illustrate the operation of
the filters on input data. The waveform used was the sum of three
sinusoids at 0.05, 0.15, and 0.35 times the sampling frequency with peak
amplitudes of 3, 2, and 5, respectively. This input waveform is shown
in figure 18. A 20th-order Butterworth low-pass design was used to
eliminate the two highest frequency sine waves, as shown in figure 19.
A filter of high order was used to demonstrate the group delay effect of
the filter. This effect shows at the beginning of the output waveform
as a delay time before any output occurs. Next, a fourth-order Butter-
worth high-pass filter was used to eliminate the two low-frequency

signals. This result is shown in figure 20. The low sampling rate
caused the distortion on the sine wave seen in this figure. The initial
design example was used to pass only the center sinusoid as shown in
figure 21. Here, again, the effect of the low sampling rate is seen as
a distortion of the waveform. However, the effect is not as great
because of the lower frequency of the sinusoid. The Chebyshev band-stop
dual of this passband filter was then used to eliminate the middle sine
wave. This waveform is given in figure 22.
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5. CONCLUSIONS AND RECOMMENDATIONS

A versatile program has been developed for designing and implemen-
ting recursive digital filters. Three well-known analog filter designs
were used with the bilinear transformation to obtain the desired digital
filters. The bilinear technique was chosen because it elirLinates the
effects of aliasing that occur with other techniques. However, the
resulting warping of the frequency scale may not be acceptable in some
applications. The extent to which this warping affects the resulting
output was not investigated. Examples using the different analog de-
signs are given in section 4 along with transformations from low-pass to
high-pass, band-pass, and band-stop designs. All of the filter design
calculations as well as the implementations use the highest precision
possible for the IBM System/370 computer. No investigation was made to
determine the effects of using lower precision.

All of the equations used in developing the code are included in

appendix A, and the complete computer program code is listed in appendix
B. A bibliography of related publications also is included. This
bibliography is by no means complete since the amount of information
published seems almost endless. Although there is a large amount of
information available, no one source proved adequate in presenting all
of the steps necessary to completely develop a digital filter. It is
hoped, therefore, that this document will prove helpful to others ven-

turing into this field for the first time.

Although the program developed here is completely operable, there
are many ways in which the program may be improved or modified to better
suit a particular filtering need. Also, investigation and analysis of
the various errors associated with the techniques used should be con-
ducted.
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APPENDIX A

The following equations were used in the development of the com-
puter code for designing and implementing digital filters. All of the
equations are referenced in the main body of this report. The applica-
tion of each set of equations is given in the flow chart of the program
(fig. 3).

A-i. PREWARPING (WARP)

f -tan (%c)
c fS

A-2. BUTTERWORTH

The transfer function for a Butterworth low-pass filter of order n
is given by

H0
H(s) =

n S(s - ,
k=1

where

Ho = n
0 co

= cutoff frequency,

pk e j( /)0 k)/n, k = 7, 2, ••., nc

A-3. CHEBYSHEV

The squared magnitude function is of the form

IH(jw)12 =
1 + E2 C2(U)

where

£ = ripple factor,

C() Chebyshev polynomial.
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APPENDIX A

H(1o)In OODD n EVEN

1 -1

(1 + (1 +

01 o 1 C OL

For the program, c is entered as

1EPS = 1- T7777
EPS1,1 + C2 1/2"

The transfer function is of the form

Ho
H(s) =

n (s-Ph)
k=1

where

Pk = sin (Uk) sinh (v) + cos (uk) cosh (v) = k + jak,

= 7 (2 k - 1 ) , k = n + 1 , n + 2 , . . . 2n ,

k2n

V = sinh - 1)

(n-i)/2

[c(+,/ 2 ] )[1 (a2 + 2), n odd,
k=1

H0 =

1 n/2n1 (2 + )' n even.
(1 + C2)1/2 kP'1
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A-4. ELLIPTIC (CAtJER)

0 dB 1 -- -

I EPSi
Aa---------- - - -

00 dB 0H

For the normalized filter wc 1,

n =filter order,

we (=WpW a)1/2 1

k =selectivity factor = w p/wa'

Ap = maximum passband attenuation (in decibels),

A a= minimum stop-band attenuation (in decibels).

aa

If three of the four are specified, the fourth is automatically fixed.
For this project, n, k, and A~ are specified:

k =EPS2,

A= 20 log (1 - EPSi).

Aa is then given by

(-0.1lA
10 P-

Aa =10 log 6 +
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The normalized elliptic low-pass filter has a transfer function of the
form

H0  r s 2 + A0 i

D0(s) S2 + B1is +0 =B

where

r 1(n-1)/2, n odd,

I n/2, n even,

S + a,, n odd,
D O(S) =

1, n even.

The transfer function coefficients and multiplier constant H0 are com-

puted by using the following formulas in sequence:

k= (i - k2]1/2 , 'A-1)

1

q0 2 
(A-2)

q = q + 2q 5 + 15q 9 - 150q13 , (A-3)
0 0 0 0

A = In i 100.0 1 , (A-4)
2n -0.05A 2
2q1/4 I (-)mqm(m+1 ) sinh [(2m + 1)A]

m=0 [
o00= '(A-5)

1 + 2 0=  (-1)mq m2 cosh (2mA)

m= 1

S(.1 mqm(m+l) sin[cr+lh]

mo1 + 2 m (l)mq 2Cos ((A-6)
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APPENDIX A

where

in odd,
= ~i 1 , 2, . ., r

2 n even,

The series in equations (A-5) and (A-6) converge rapidly, and usually
three or four terms are sufficent.

= + ko)(1 + 02/k)] , (A-7)

V. . - k,1 - (A-8)

A =i = (A-9)

(oovi) 2 + (Qiw) 2

Boi = 1+2o2 2 (A-10)
+

2 1

2(30V 
i

Bli + , (A-11)
10 +

r

a0 [l i n odd,A0i
J=1

1 0 =
(A-12)

-0.05Ap r
10 f , n evenA 0i

A-5. FACTOR

0 k k - n , n even
R =n £ k ' = In-1 , n odd

£~(pk - Zj)

9=1
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APPENDIX A

Hs) 'k +'k Rk j'k~ r (n+1)/2 , n odd

H s)SL \ P k Pr n/2, n even

k=1

2 1 - z-1

r

T ~ + AZkZ

H (z - 1)  = ( + z1 - ) 7r AOk + kZ- .

z 1 + B 1kZ1+ B 2kk=12

Pk = -k + J k F

A Ok [Rk(1 + '1k /2) - IkQ k /2)] /D

A 1k -[Rk(1 - 'k /2) + Ik ~/2)]1/D

B 1k =-2 [1 - (ak /2)2 - ( k /2) 2] /D

B 2 k [(i - Ctk /2) 2+ (ak/2)2l /0

D =(i + 'k /2)' + ( k /2) 2

A-6. MAGNITUDE AND PHASE (FPLOT)

The frequency response of the designed digital filter is calcula-
ted by substituting ejWT for z in the transfer function and then
using complex arithmetic to obtain the magnitude and the phase as a
function of frequency.

z -
+ e - jwT = W = cos wT - j sin wT

r, AOk +AlkW
H(W) = (1 + W) X 1 + B1kW + B2 kW

k= 1
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APPENDIX A

A-?. HIGH-PASS TRANSFORMATION

A low-pass digital filter of cutoff frequency 0 is first designed
for the desired order, n, and type. Let Wp = the desired high-pass
cutoff frequency.

Then substituting for z -1 in the low-pass transfer function,

S- 1 +

+ "z -

where

=-Cos 2

cos 2

results in the transfer function of the desired high-pass filter.

r Ak + A'kZ-I

,Hp z - )  (i - z - ) 1 1 + B'kZ- 1 + BkZ

k=1 2k

At -a Alk)

B" = [2t - B1k(1 + 2)+ 2B2 ']/D
AB (I -/D'"

B2 k = (02 - aBk + B 2k)/D

DA = 1 - aBlk + C2B 2 k

A-B. BAND-PASS TRANSFORMATION

A low-pass digital filter of cutoff frequency a is first designed
for the desired order and type. The cutoff frequency equals the band-
width of the desired band-pass filter, F2 - F1, where F2 and F1 are the
upper and lower cutoff frequencies (in hertz), respectively.
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APPENDIX A

A substitution for z-1 in the low-pass transfer function results

in the transfer function of the desired band-pass filter.

In general, this transformation is
t,2

2Lk k - I
2_k + I k + 1

k-ii2 - k - 1 z - 2 2 k - +

kk + 1

where

cosl(V + F2 )T

cos'T(F2 - F1 )T

k = cot [ IF2 - FI)T] tan (rrfT).

By letting k = 1, then = F2 - F1, and the transformation is simpli-
fied.

+ - z-( -)

The resulting band-pass transfer function has the form

n/2 ( Al 1kz- + A; 1k

"Bp(Z -') : (1 - Z-2 ) Z I\ + B iz- 1 + BIk-

k=1 ilk 21k

Ai2kz 1-A 2

1 - B'j 2 kz - " + B. 2 kZ 2

IA. G. Constantinides, Spectral Transformations for Digital Filters,
Proc. IEE, 117 (August 1970), 1585-1590.

2 A. Antonio, Digital Filters: Analysis and Design, McGraw-Hill Book
Co., Inc., New York (1979).
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for n even. For n odd, there is one real pole, and the tranfer func-

tion is of the form

A0 1 Z-2

HBP{Z-) =1 - a,1 - B1,) -1 - B1z-2

(n-1)/2 (1 A kZ- ! + A61k

k=1

A12kz- A 02k

1- Bz + B -2
12kz 22k

A-9. BAND-STOP TRANSFORMATION

The procedure for the band-stop transformation is the same as for
the band-pass transfonaation. In general, the transformation is

2at 1-k
z-2 -_ + k 1 k

z--i1 - k 2a
- z - 2  z- 1 +1

I +k 1 + k

where

cosl(F1 + F2 )T
cosT(F2 - FI)T'

k tan [lr(F2 - FI)T] tan (nt3T).

By letting k = 1, then = /2 - (F 2 - F1 ), and the transforma-
tion is simplified.

Z- -1
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The resulting band-stop transfer function has the form

n/2 ( AlkZ-I - A6 1k

HBS(z'l) 1- 2 z + z-2 k ) i - Bikz- + B21k7-2
k=1

+2k A 02k

1+B 2k z + 2 2kz /

for n even. For n odd, the transfer function has the form

(1 - 2az 1 + z-2)A 0

HBS(z'- 1 - a(1 + BI)z 1 + Bj-2

(n-1)/2 ' 11 - - A l  
1!

+ (1 - 2aZ - I + z- 2 )  
-Bk z I

+Bl-2

B~k_+ B Ikz 2

A 2kZ- + A02k

I B 22kZ 22kZ -2/

A-10. FILTER IMPLEMENTATION

From the z domain general transfer equation

r A + A -AGi Ai

z(z-) = (1 + z-) x 1 + B iz-1 + B2iz-

a time-domain difference equation is obtained. The difference equation
is then used to process data samples.

Yout(kT) = X(kT) + X[(k - 1)T]
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where

r

X(kT) = X X1 (kT),

X.(kT) = A Y. (kT) + A .Y. f(k - 1)T]
1 Oi in ii In

-B liX.[ (k - 1)T] B 2iX.E (k - 2)T).
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APPENDIX B. -- FORTRAN IV COMPUTER PROGRAM FOR RECURSIVE DIGITAL FILTERS
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APPENDIX B

The main program and all of the subroutines for recursive digital
filters are included in this appendix. The only exceptions are standard
library functions and the plotting routine. If a machine other than an

IBM is used, it may be necessary to modify the format and data state-

ments.

B-i. MAIN PROGRAM

REAL*B A0120), kI120), B1120), B21201, PIrA2
REALe8 AMP
COMPLEXtrb P123), Zi20)
COMMON FC, FS, EPSI, EPS2, PI, ITYPE, N, ITRANS
COMMON/VDATA/VI4(1000), VOUT1000)NTIMES
COMMON/TRANS/ FI,FZ
COMMON/FILT/gC, W1WW,AMP,AOAJA2, 81, B2, P, .

C ITYPE- FILTER- BUTTERWORTHI1I, CHEBYSHEVI2), ELLIPTIC(3)
C N - ORDER Of FILTER, 20 MAX.
C ITRANS- NONEIC), APII), BP(2), BS3)
C FE- CUTJFF FRFOJENCY
C FS- SAMPLE FRE9JE4CY
C EPS1 - '41NJMJM AMPLITUDE IN PASSBAND
C EPS2 - TRANSTIN COEFFICIENT FOR (AUER, 0.95 MAX.
C Fl - LOWER (JTFF FREQUENCY, PASS AND STOP FILTERS ONLY
C F2 -UPPER CUTOFF FREQUENCY, PASS AND STOP FILTERS ONLY
C NTIMES - NUMBER OF DATA POINTS
C VIN- INPUT DATA
C VOUT- OJTPUT DAIA

PJ=4.-)DJuDATANI. DOG)

CALL RDATA
WC=2*DTAN(PI FCIFS)
WI=P]*FIIFS
W2=PI*F2/FS

GO TO 1|O,20,301,ITYPE
1) CALL BUTTER

G£ Ta 40
2) CALL CHEB

GO TO 43
3) CALL CAUER
43 CALL FACTOR

CALL FPLOT
JJ=ITRA4S*l
GO TO 1100,53,1),701,JI

5) CALL HJ&HP
GO TO so

51



APPENDIX B

B-1. MAIN PROGRAM (Cont'd)

b) CALL B&NOP
GO TO 83

7) CALL BANDS
8) CALL FPLOT
0)0 Jf(NTINE5.E0.G)~bv T 110

CALL FILIMP
CALL PLTD&T

110 CONTINUE

B-2. SUBROUTINE RDATA

SUBROUTINE RDAT4
REAL08 P?
EUMMOI14 IC, IS. FPS)# EPS?. P1, ITYPE, N, ITRANS
COMMONlVDAYA/V~I4lO0001, VCULJT(1)NTIMES
LOMMfMIT RAN sI F I ,P2
REAMt,1O1 ITYIPE, N, )TRANS, FC,FS,EPSI, EPS2

I) FORMAT1315, 4E10.311

IF W!RANS.EQ.01 GO0 TO 100
READI592OI f1,F2

2) FORMAT12E10.31
READ (5,25)111ME S

25 FORMATI5)
IFINTIMES.'(e.)O10 50
JJ= (NT IMES*7)/g
DO 101) Kz1,JJ

1)0 RFAD530IVINIIJ=LvMl
3) FORMATISE1O.31
5) CONTINUE

WRITE £6,45 I
4S5 FORMAT///I,SX5Ni TYPE 7XIHN,6XbWlTRAS,9XZHFC,13X2HFS,12X4HEPSI,

lIlX4HEPS?,12X2HFI ,13X2HF2)
WRITE(6,40) IhYPE, No, IRANSr FC, FS, LPS), EPS2, Fit f2

4) FIRMATI/.315K151, bOSXE1O.3),////)
RETURN
END0
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B-3. SUBROUTINE BUTTER

SkJbROJTINE BUTTER
REAL *8 40(2(l) , N 1123) 8 II201, 6212Z3 PIqPi I
COMPLEX016 P1201, 11201
COMMON FC, FS, EPSI, EPS2, P1, ITYPE, No )TRANS
COMMON/FILTjW(, WI.W2,AMP,AO,AI,A2, 81, 62, P, I
REAL*8 D4MP.A2
AmN
K=N-2* INTfN/2.)
DO 20 1 z I, -
B =I
IF IK.E9.01 3 13 L 5
PHIzPI~f(A41)1?.j+8-1.d)/A
G~o To 10

5 PHIl P1O11.U/I2.)*kU.1B-1.O)/A.O.51
1) Pill= WC*OCMPtX(DCGS(PHIJ,DSlN1PI )
2) CONTINUE

AMP :WC *N
RET URN4
END

B-4. SUBROUTINE FACTOR

SUBROUTINE FACTJR
REALOS AMP
REAL*8 AO(2 )t 411209, B11201, 02120?, Pis RR,RIDg AK. 11K,A2
CDMPLEX4*I6 P120), 1120)t R120), X
COMMON FE, FS, EPS), FPSZ, Pi, ITYPE, N, ITRANS
COMMONIFILT/WE. WI,W2,AMP,AO,t1,AZ, 91, 82, P, Z
A2= 1 ODO0
Km INTIIN#1)/2.)
DO 50 1=1,K
XzDCMPLX(1.0D0, 0.0003
DO 20 JzlPI
If IJ.EQ. ) Iwo To 20
X=XC6P11 -P 1.13

2) CONTINUE

IFIN.EQ.1)GI TO 33
X=DCMPLX (1 OD09.ODOI00
1FIITYPE.t4E.31&3 rO 50
KKzZ*(Nf2'1
DO 30 Jz1vK(
X=X @IPI I 3-Zi .)3
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B-4. SUBROUTINE FACTOR (Cont'd)

3) CON T INUE
R(1):PdI JOX
AMP =AM4P* KK.1 -N)

5) CONTINUE
IF(ITYPE .Nf.3144P=0 .000
DO 100 1I=1,K
RR=DREAL (Pd))
RI:OJMAGIR( I))
AK=-DREfALJPlI ))*0..5DQ
BKz DIMAGIPM1I03S.5DO
D=41.DD.* AK)**'?.BK**2
AO(1)=lRR4(1I.OD),K) - RI*BK.1/D
All!) =-lRR'11.D)0-AK) 'RI BK )ID

81(1= ):IC.I)D3*A1.)D0K**21/D*)/

1)0 CONTINUE

I F( I.AEQ.OGO TO 113
A04K)=A0(K?
BIIK)=Bl £K)/2

B2(K)-).
110 RETUR4

END

B-5. SUBROUTINE CHEB

SUBROUTINE CHE5
COMM04/FILT/WC, WI,W2,AMP,AO,A1,A2, 51, 52, P, Z
COMMON iC, ES, EPSI, EPS29 P1, ITYPE, W, ITRANS
COMPLEX*16 P(2019 Z120)
REAL*B hOI12' 16'), 816201, 2120)(U
REAL*B CHVPSItVSJtAMPP IA2
EPS1:SQRT(1 . lEPSlOS?-1.O)
A2z 1 AODO

V =DLOG ( IODO/ EPS I*D SORT I IODO* I.ODO/EPSl *2ZI)/A
CIV zWCEX P(V I*DEX P i-VP 112 -ODO
SHV=DEXP1VP-DEKPl-V))/2.0DO

DO 50 1:1,N

PEN )=mC*0MPLX(DSIN(UIOSHV* -DCOStUlSCmVl
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B-5. SUBROUTINE CHEB (Cont'd)

5) CONTINUE
K = N-2*JJ

IF(K.EQ.016[L TO 9)
JJ=JJ-1
If(N.Eg.11G03 T3 8)
DO 15 11I,JJ
AP=A'4P*COREAL(P(1i) )2,DlMA(,IPII))@O2)

75 CONTINUE
8) ARP=PAMP*DREALfPlJJ.1Jk

GO TO 125
9) DO 100 I=1,JJ

AMP=AMP*(DREALIP(Il3**Z.DJMA(.tP11))*t,2)
1)0 CONTINUE

ANP =AMPl0SOR 1(1.00*lFPS1 '*2)
125 RETURN

END

B-6. SUBROUTINE CAUER

SUBROUTINE (AUER
COMMO/FlILT/WC, kI1,W2,AMP,A0,A1.A2, 91, R2, P, Z
COMIMON FC, FS, EPSI, EP52, PI, )TYPE, N, ITILANS
REAL*8 AMP*QwA9S0ipWt,,V
REAL*8 A0120)v Alt201, 811201o B2120), PI,&Z
camPLEX#16 2120),P120)

IE =0.000

Q=tI .3O3-06LE4EP.SZ)**Zf**f0.25J

AMP=l. 000
0 O42.0*Q"*5.15.0 *0 '9ul 50 .004ss13
A=DBLE IEPSJI)
A=OLOGi.000/A.1.ODDO)/61.000/A-1.DO)1/(2.0t41

DO 10 1=1,100
M-1-1
SO=S0*I-1.QD0)*MO*Q*IM'1)SDS!MHt(I*M)*AI

flE(.EQ.SOIGD7 T 20
10 W=So

2) DO 30 Iz,1UZD
0=04 (-1 .0003 **1000*1 $1 )OCOSH 12 01A
IftO.EQ.M)GC TO V.)
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B -6. SUBROUTINE CAUFR (Cont'd)

4) 5O)=DABS12.i*QS*0 0.25I@SOlSI.ODO.Z.0*OI)
C=N
WzDSQRTIII..D(;.&PS2#SOQ*2)*II.OD0.SD.@2/EPSZ))
IF(N.EQ.1?G0 TO 100
JJ= N/2
U:12cJJ+1-NI/2.J
DO 100 J=l.JJ
O=D.0D0
v=O

M=J-1

IffO.EQ.V)GO TO 6D

6) A=0.ODD
V=A
DO 70 J=1,100,2
M:J
VZ-V46#-1.O3S**l@Q**6MMI3OCO~t2.0*jSPI*(FLOAiT~il-U)/CI
N~j4 I
V=*-.1***I*)DOS20MPOFOTl-)C
IFiV.EQ.AIGO TO 8)

7) A=V
80 O=2.0*0t(0 .Z5)0OII 1.OD0*2.O*VJ

Vzi1.QD3-EP32*'O'O)*4I.OD0-O*O/EP521
V=DSURT LVI
ZlJ3=DC4PLXl0.0)0,1.0D0/O)*W(

A= I .ODO*ISO*[))902
P(l I=DC14PLX I-500V/A qDV/Al*Wc
P(N4 1-11 =DCONJo( P I I )I
AMP =AMPOOG((CS3**v '2.t(O'IEJ.)/A**2

130 CONTINUE
K:N-2*IN/21

IF4K.EQ.0I~c To 350
PlIN411/2)IDCMPLXl-SO*WC,O.OD01
A4P =AMP*S0*iC
GO TO 200

150 AMP=AMPOEPSI
2)0 CONTINUE

RETURN
END
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B-7. SUBROUTINE HIGHP

SUJBROUTINE HIGHJP
REALOB A012 I, k1120), 1111201, B212D), PI
REAL*8 AMPvA2
REAL#8 4P,AL0,A11,B1I .322,0
COMMON FE, FS, EP5I, EPS2, Pig ITYPE, No MTANS
COMMO4NIF[LT/WC, Wl,W2,AMP,AO,AI,A?, 51, 52, P, Z
W3=P]*FCIFS
A 2=-.OD 0
AP=-COSIWI'W3)/AJS(Wl -W3)
DO Irf)( K1I,N
D=3 .000-BilK )*4P#B2 (K JAPOAP
AO0=EAU(K)-AI(K.J*AP)#(1.0D0-AP)/D
All: (AO K) *A P-AI (K)3* (1. 000-AP R/D
811= IAP.AP-B ilK) fi.000.AP*AP 1.2 .00*62 (K) APlfD
B22= (AP*AP-AP*3I (K) 321K )I/D

Al (K)=1 1

1)0 CONTINUE
RETURN
EN4D

B-8. SUBROUTINE FPLOT

SUJBROUTINE FPLOT
COMMON FC, FS, EPSI, EPS2, Pig ITYPE, N, ITRANS
COMMDN/FRLTIWiC, WlW29AMP,A0,AlvAZ, 51, B2. P, z
REALeB AMP
REAL*B A01201, 4112019 811201, 52120), PJ,A2
DIMENSION f 6?5iJ,IEJvT1Z51RPtfI(zsa1
DIMENSION XIkrIZ) ,VLA81(21,YLASZ(ZI.1EADgIo;,SUBH12)
DATA YLAB211),Y1AB212)I8HPHASE IDStIEG)
DATA YLABIll),YLAB112)/8HAMPpLITUDBgN
DATA XLABll),XL&512)ISHFREUUENC,BHY IFIFSRI
Wt ITE16,8001
JJ= (N4131/2

biRITE16,802 DAMP,4?
8)0 fORMATli6X2HA,132X2HAI,32X2Hg1,32X2H5Bj//,
831 FORMATtIP411XQ32.25a)
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B-8. SUBROUTINE FPLOT (Cont'd)

8)2 F6PMA114X6HA4IP = 1P032.2591OXSHA2 ,OPF4..01

13 FOR14ATII 0A&8)
DO 100 1=-1,250
A= I-I
F I1 )=A/249.,
W=2.O*PI*f( I
C=COSIW)
s5S N(w1

1IEJWTII 1=0.
DO 50 K:1,JJ
C14:AOIK) *A I iK)
011=-Al 4K OS
CD-1.04b1IK)*C,324K1*i2.O#C*C-1.O3
DD=B1IK)*S42.0*S21K )*C*1

E EzC04CD4ODD 0DD
FF= ICNCDDN*0DDJEE
EE= (0M"C0-D0C*N)iEE
HE JUIT(I I =HEJWT(I IJFF
Ptil I I PHI( I)+EE

5) CONTINUE
FF=11.ODO'Ada'C)*HEJWTII).S*PI$4i1*A2 *AMP
EE= t1.DO4A 2*C0P-11 1)-SHE JUT 11) *AZ
HEJWTI I) =SQRT GEE*fEEFFQfF)
PHIJ 6I)=4TANZIEEFF I
PI II I) =PHI1 ) C30 .0/P I

130 CONTINUE
CALL DRAWIDII,49,20,O,Z50,2.,D.,XL&%B,

YLABI9 HE A DtSU5HgF 9"JWT I
F II I1-t0.0
CALL DRkWIDfl 4~,4,20,0,250,2.0,0.,XLAB,
IYLAB2,HEADSU8HqF,PHI I
RE [URN
END

58



B-9. SUBROUTINE BANDP APPENDIX B

SUBROUTINE BI1NDP
COMKON/FILT/WC, bl,w?,AKPAOl,~AZ, 81. B2, Pi Z
COMMON FE, FS, EPSI, EPS2, P1, ITYPEs N4, ITRAt4S
REAL*8 kO(2O1* 411201, 811201, 821201, PI,AZ,kMP
COMPLEXsJ6 Z(20),PlZO)vPPtoCRvSvT*UvV
REAL*S CDvALvEU

AL'ODCOSI OLE (MIeW~ 1 /DCOSIDBLEIWZ-lI1
J~JzN/2
JFIN.EQ.l1GO TO 53
D10 50 1)I,JJ
4RP=AMP*A01 1)
C=B21 -8111) *2/4.ODO
1F(.LE.O.DO)G3 TO 40
PP=DCMPLXI-Bli ~l)/.000,DSQRTICII
Q=1A0I11.PP.PP.1A3t1114Al(11J*P40CNPLX(A1(11,0.ODO11
1/DCMPLXf0OD0,2.ODO6O RMA&IPPII

V=DCMPLX £1.0D0,.3D01
S=AL~lVPPI2.O)0
R= S'CDSQRT (S*S-PP I
szS-CDSgRT15.S-PP1
TzDQ* AL*k-V I dt-S)
U=Q*IAL*S-Vlfd S-Ri
C=DRERLI RI
0=0 IMAG(R)
E=DREAL OT)
F=D IMAG IT)
F -2.* C* E+D0*F
D=CC0.0
C=-2.0*C
E=?.O*E
AMP=AMP*F/D
ADS! 1=-F ID
Alt I I =E-FOC/D
811 1I=C

52l11/2*1

C-DREAL(SI
D-DIMAG9SI
E=DREALIU)
F=D IMAGiUD
F --? .0* C40D*f I
D=C *C*D
C=-2.0*E
E-2.00E
A NP AMP. F/D
AoftK) --F ID
Al 6K11-F*C/D

SZIK~aD
GO TO5SO 59
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B-9. SUBROUTINE BANDP (Cont'd)

43 C=DsQR~i-C1

C=-81111/2.ODO-C

AMP=AP-E/C-F/D

All! I=-KL*E/C

0211)=C
K=IN.1 1/2*1
AOIK)=FID
Al IK)z -tL*F /D
811 K)=-1%L*f1 .D3*D1
B21KJ=-D

53 CONTINUE
K =N -2SJJ
IFIK.FQ.O1G0 TO 130
AMP .AMP*AOINI/31 IMI
D=611N)
C=AOINI*1 .( D-1.3dDl
Kz.1N*1If?2

AIIK)=-iLOC
B 1 1K 1ALOI1D -1 .03)
B21K)--D

130 N=2*N
RETURN4
END

B-10. SUBROUTINE BANDS

SUBROUTINE BANDS
COMMOP/F ILT/dC* IIV?,A4PAOA1,A2q Si. 82, Pt Z
COMMON FC. FS9 EPS1, EPS2, Ply 1hYPE, N, ITRANS
REAL*6 1%0(2019 411ZO), 81(201, 821201, PI,A2,AMP
COMPLEX016 21201,P420 1,PP,Q,R,StT ,UV
REAL*8 C ,D,9AL vE tFIXoC I1C
AZ=O.ODD
AL=DCDSIDBLEfWI'V21 1/DCOSIDbIE(W2-VJ))
JJ-N/2
XZDTANIDBLE IW2-iil I*DTANIPIOFC/ISI
C1m2.0*A111X4 1.)D3)
C2=11.ODO-X)/IX.1.ODO 1
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B-10. SUBROUTINE BANDS (Cont'd)

IFIN.EQ.IJGC TO 5-

V=DCt4PLX 1.r.D0,).)D0b
A'4P=ARPPAD ( I I

JflC.LE.0.OD0)(&3 10 40
PP =DCMPL XI-B 11l ?. ODD*DSRT IC
Q=IAOIJ)*PP*PP.(A)E 11 )UOPP*DCM4PLXIAIII) ,O.DOG)
1/DC#4PLXQ O.VDO,2.DO D IMAGIPPP)
Q=Q~cn.i y-pp V2
AI4P AMP*2.0*)REhl I)

$C2@tV-PP 111(V-CS PP ).)

U=Q* 65*S-Cl iC2*S#V/ C?)lS
C=DkEkLtR)
0=DIMkG(R)
E=DRE4L 17)
F=DIMAG(l)
f =-2.O*IC*E .D*F)
0=C*C4D*D

AMP zAMP4FID
AD I )z-F/D
AiII )=E-F*C/D

D=DIMAG(S)
E=DREAL IU)
U:D IMAM)U
F -2. * I C *E .0 *F I
D=(*C4 DGD

ADIK)--FID
A1SKI=E-F*C/D
814K)=C
824KI-
Gai TO 50
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B-10. SUBROUTINE BANDS (Cont'd)

4) C=DSQRTt-E)

C=AA6IJ/.Oe-IAClPOa1H/DC

AIIP=Am P E/ C2 -0* F / (C(2-D I

AOl l)zE*(E2i( 1.3D).C2 1-1 .0/1(2-C )I

BAI I I I= CI *( C - 1 .0 DO11 .ODO4C 21*
SB 11 ) =(C 2-C-I 1. 0 0 4C .00)2
K: I N
92fK)=1C2-D )/tI.000-C2l

AOI(K I)= C2/ (- 1. .00 If o£21 .004I(2) I

AIIK)=-F.CI*gD.: Z)/Il.ODO.C2)#tz2
50 CONT INUEr

K=N-2*JJ
IFEK.EO) GO 13 100
K=IN4I 1/2
AMP=AMP. A 0 £K)
D=Dl(X Ir
CaAOIK)f(1.QDQ.SIIK)*C2)*I1.000-DI
82fK)=4C2*D)/fI.D00C2*OJ
81 IK)s-CI'ODeI.3D))/1I.0004C2*D1
AMP =AMP oC /D2 t K)
A01K)=[CZ-( /BZI K)
A1EK)=-CIOC- COS11K)/26K)

100 N=?ON
RET UR N
END

B-11. SUBROUTINE FILIMP

SJBROJTINF FIL14P
COMM FC, FS, EPS1N, EPS2, Pit )TYPE, N, ITRANS
REALOS AMP
REALOS 40120)t 11120), B1(201, B2(201, PI,AZ
COMMON/VDATA/ VINIIOOQJ,VDUT l1000),NTIMES
COMMON/FILT/W(, bWl,W2,AIP,AO,AI,A2, 81, 82, P, Z
REAL'S YK(2,201, YSUR, TSUM2, YIEM
YSUMIZ 0.0
v$UMZ0 *
JJ:IN*1)/2

DO 10 KzR.JJ
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B-li. SUBROUTINE FILI4P (Cont'd)

YKl2,KI:A0lK1)sVIN41)
YKOI,PK)=AO(K ) *VIN I? IAl OK -BIlK I AOIK) OIN (I
V SU2= YSUMZ+V KO *K)
vSUM1:YsUNI.YKlI Sl)

13 CONTINUE
vauTgl1)=VSLJM2
VOUrT 1)=YSUM I
DO SU J-3,t4T1MES
VSUhaZYSU~1
YSUMIZO.O
DO 40 K-1, J
YTEM-AiOKI*VINIJ2,A IKR)*VIN(J-1)

YKII*K)=YKI ,K

YSUK1:YSUMI*YTtq
43 CONINIUE

V0UTlJI=YSUM.Y4i'~t2*A2 *AP*VINIJI
5) CONTINUE

RETURN
END

B3-12. SUBROUTINJE PLTDAT

SUISROUTINE PL.T04T
CDW1MON/vDiA/V2'4t130Ob.VQLJ141OOOiNTIMES
COMMON FCvFS
DIMENSION NEA0I10),XLASI2IWLAB#2IT(10001
DATA XLAkblI).XLkf(2RfaHTKMF ISSESHCONDS)
DATA SUBISUBZ/SIIVIN ,SI$YOUT I
DATA YLASSJ)vYL%8I?)/SHAMPllTUDSHEI
DO 20 1-11,N71MES

23 TilI-I1FlS
READ(5,1O11HEADE 1). 1-210)

1) FORMATIIOA8)
CALL DRA%1061 ,4,4,ZO.2,NT11ME3,Z.,O,.XLABVLA8,HEADSUB1,TVINI
READIS,10) (HEADII), 1=,10)
CALL DRAWlDOK ,4.4,20.2,NTINESZ.,O.,KLAS.VLASl,IEADSUB?,T,VO7U?'
RETURN
END0
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